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Àííîòàöèÿ
Èçëîæåí àëãîðèòì ðàñ÷åòà òîíêèõ îáîëî÷åê ïðîèçâîëüíîé ãåîìåòðèè íà îñíîâå âûñî-
êîòî÷íîãî òðåóãîëüíîãî ýëåìåíòà äèñêðåòèçàöèè (ÒÝÄ). Äëÿ ðåøåíèÿ ïðîáëåìû ñîâìåñò-
íîñòè ÒÝÄ ïî ïåðâûì è âòîðûì ïðîèçâîäíûì êîìïîíåíò âåêòîðà ïåðåìåùåíèÿ ïðåäëàãà-
åòñÿ èñïîëüçîâàòü â êà÷åñòâå äîïîëíèòåëüíûõ âàðüèðóåìûõ ïàðàìåòðîâ êîððåêòèðóþùèå
ìíîæèòåëè Ëàãðàíæà â ñåðåäèíàõ ñòîðîí òðåóãîëüíîãî êîíå÷íîãî ýëåìåíòà. Ðåøåíèÿ ðÿ-
äà òåñòîâûõ çàäà÷ ïîêàçàëî âûñîêóþ ýôôåêòèâíîñòü ïðåäëàãàåìîé ìîäèôèêàöèè ÒÝÄ
ïðè ðàñ÷åòå òîíêèõ îáîëî÷åê.
Êëþ÷åâûå ñëîâà: Ïðîèçâîëüíàÿ îáîëî÷êà , ìåòîä êîíå÷íûõ ýëåìåíòîâ, òðåóãîëüíûé
êîíå÷íûé ýëåìåíò, ìíîæèòåëè Ëàãðàíæà, ìàòðèöà æåñòêîñòè,ýëåìåíò äèñêðåòèçàöèè.
1. Ãåîìåòðèÿ îáîëî÷êè
Â êîíå÷íî-ýëåìåíòíîì àíàëèçå òîíêèõ îáîëî÷åê øèðîêî ïðèìåíÿþòñÿ ýëåìåíòû
äèñêðåòèçàöèè òðåóãîëüíîé ôîðìû [1,2,3].
Ïðè èñïîëüçîâàíèè òåîðèè òîíêèõ îáîëî÷åê [4,5] äåôîðìàöèè ñðåäèííîé ïî-
âåðõíîñòè ÿâëÿþòñÿ ôóíêöèÿìè êîìïîíåíò âåêòîðà ïåðåìåùåíèÿ, à òàêæå èõ ïåð-
âûõ è âòîðûõ (äëÿ íîðìàëüíîé êîìïîíåíòû) ïðîèçâîäíûõ ïî êðèâîëèíåéíûì êî-
îðäèíàòàì. Â ñâÿçè ñ ýòèì ôàêòîì îïòèìàëüíûì ñëåäóåò ñ÷èòàòü âêëþ÷åíèå â
ñòîëáåö óçëîâûõ âàðüèðóåìûõ ïàðàìåòðîâ òðåóãîëüíîãî ýëåìåíòà äèñêðåòèçàöèè
êðîìå êîìïîíåíò âåêòîðà ïåðåìåùåíèÿ èõ ïåðâûõ è âòîðûõ ïðîèçâîäíûõ. Íî âûñî-
êîòî÷íûå êîíå÷íûå ýëåìåíòû ÿâëÿþòñÿ íåñîâìåñòíûìè ïî ïðîèçâîäíûì êîìïîíåíò
âåêòîðà ïåðåìåùåíèÿ, ÷òî ïðèâîäèò â ðÿäå ñëó÷àåâ ê îïðåäåëåííûì ïðîáëåìàì
[6,7].
Äëÿ óñòðàíåíèÿ äàííîé ïðîáëåìû ïðåäëàãàåòñÿ ââåñòè â ñòîëáåö óçëîâûõ íåèç-
âåñòíûõ âûñîêîòî÷íîãî òðåóãîëüíîãî êîíå÷íîãî ýëåìåíòà êîððåêòèðóþùèå ìíî-
æèòåëè Ëàãðàíæà â äîïîëíèòåëüíûõ óçëàõ, ðàñïîëîæåííûõ â ñåðåäèíàõ ñòîðîí
ÒÝÄ.
Ñðåäèííàÿ ïîâåðõíîñòü ïðîèçâîëüíîé îáîëî÷êè â äåêàðòîâîé ñèñòåìå êîîðäè-
íàò ìîæåò áûòü çàäàäíà ðàäèóñ-âåêòîðîì
~R0 = x~i+ y~j + z(x; y)~k: (1)
Êîâàðèàíòíûå âåêòîðû ëîêàëüíîãî áàçèñà òî÷êè ñðåäèííîé ïîâåðõíîñòè è èõ
ïðîèçâîäíûå îïðåäåëÿþòñÿ äèôôåðåíöèðîâàíèåì (1)
~a0 = ~R
0
;; ~a
0
; = ~R
0
; ; (2)
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ãäå ïîä ãðå÷åñêèìè èíäåêñàìè ;  ïîíèìàþòñÿ ãëîáàëüíûå êîîðäèíàòû, íàïðèìåð
x è y .
Åñëè ïðîèçâîëüíàÿ îáîëî÷êà èìååò â ñå÷åíèè çàìêíóòóþ ëèíèþ, íàïðèìåð
ýëëèïñ, òî èñïîëüçîâàíèå ôîðìóëû (1) íå ÿâëÿåòñÿ âïîëíå ïðèåìëåìûì. Òàê,
ïðè ðàññìîòðåíèè â êà÷åñòâå ïðîèçâîëüíîé îáîëî÷êè ýëëèïòè÷åñêîãî öèëèíäðà
y2
b2 +
z2
c2 = 1; ýëëèïòè÷åñêîãî êîíóñà
y2
b2 +
z2
c2   (x 2)
2
a2 = 0 èëè òðåõîñíîãî ýëëèïñîèäà
x2
a2 +
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b2 +
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c2 = 1; ïðèìåíåíèå ôîðìóëû (2) ïðèâîäèò ê íåîáõîäèìîñòè ñîáëþäåíèÿ
äîïîëíèòåëüíûõ óñëîâèé
1  y
2
b2
> 0;
(x  2)2
a2
  y
2
b2
> 0; 1  x
2
a2
  y
2
b2
> 0 (3)
äëÿ ýëëèïòè÷åñêîãî öèëèíäðà, êîíóñà è ýëëèïñîèäà ñîîòâåòñòâåííî. Çäåñü b è c ïà-
ðàìåòðû ýëëèïñà, ÿâëÿþùåãîñÿ ïîïåðå÷íûì ñå÷åíèåì ðàññìàòðèâàåìîé îáîëî÷êè,
a - ïàðàìåòð ýëëèïñîèäà èëè ýëëèïòè÷åñêîãî êîíóñà.
Äëÿ óñòðàíåíèÿ îòìå÷åííîãî âûøå íåäîñòàòêà è íåïðåðûâíîé ïàðàìåòðèçà-
öèè ñðåäèííîé ïîâåðõíîñòè çàìêíóòûõ îáîëî÷åê ïðîèçâîëüíîé ãåîìåòðèè ðàäèóñ-
âåêòîð ïðåäëàãàåòñÿ çàäàâàòü â âèäå
~R0 = x~i+ r(x; ) sin ~j + r(x; ) cos ~k; (4)
ãäå  - óãîë, îòñ÷èòûâàåìûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè îò îñè Oz , â ïëîñêîñòè,
ïåðïåíäèêóëÿðíîé îñè Ox .
Âõîäÿùàÿ â (4) ôóíêöèÿ r(x; ) çàâèñèò îò òèïà ðàññ÷èòûâàåìîé îáîëî÷êè è
äëÿ ýëëèïòè÷åñêîãî öèëèíäðà, êîíóñà è ýëëèïñîèäà èìååò ñîîòâåòñòâóþùèé âèä
r() =
bcp
c2 sin2  + b2 cos2 
; r(x; ) =
r
1  x
2
a2
 bcp
c2 sin2  + b2 cos2 
;
r(x; ) =

1  x
a

 bcp
c2 sin2  + b2 cos2 
: (5)
Ïðè èñïîëüçîâàíèè (4) êîâàðèàíòíûå âåêòîðû ëîêàëüíîãî áàçèñà òî÷êè ñðåäèííîé
ïîâåðõíîñòè îáîëî÷êè è îðò íîðìàëè îïðåäåëÿþòñÿ âûðàæåíèÿìè
~a01 = ~R
0
;x; ~a
0
2 = ~R
0
;; ~a
0 =
 
~a01  ~a02

=
p
a0; (6)
ãäå a0 = a011a
0
22  
 
a012
2
- äåòåðìèíàíò ìåòðè÷åñêîãî òåíçîðà.
Èç ñîîòíîøåíèé (6) ìîæíî ïîëó÷èòü ïðÿìóþ è îáðàòíóþ ìàòðè÷íûå çàâèñèìî-
ñòè
f~a0g
31
= [d]
31
f~ig
31
; f~ig
31
= [d] 1
31
f~a0g
31
; (7)
ãäå f~a0gT = f~a01 ~a02 ~a0g; f~igT = f~i ~j ~kg:
Ïðîèçâîäíûå ëîêàëüíûõ âåêòîðîâ (6) ñ èñïîëüçîâàíèåì (7) ìîæíî ïðåäñòàâèòü
êîìïîíåíòàìè â áàçèñå (6)
f~a0;xg = [m]f~a0g; f~a0;g = [n]f~a0g; (8)
ãäå f~a0;xg = f~a01;x ~a02;x ~a0;xg; f~a0;g = f~a01; ~a02; ~a0;g:
Ïîëîæåíèå òî÷êè â ïðîèçâîëüíîì ñëîå îáîëî÷êè, îòñòîÿùåì îò ñðåäèííîé ïî-
âåðõíîñòè íà ðàññòîÿíèè  , äî è ïîñëå äåôîðìèðîâàíèÿ îïðåäåëÿåòñÿ ðàäèóñ-
âåêòîðàìè
~R0 = ~R0 + ~a0; ~R = ~R0 + ~V : (9)
ÀÍÀËÈÇ ÎÁÎËÎ×ÅÊ ÍÀ ÎÑÍÎÂÅ ÒÊÝ Ñ ÌÍÎÆÈÒÅËßÌÈ ËÀÃÐÀÍÆÀ 3
Âõîäÿùèé â (9) âåêòîð ïåðåìåùåíèÿ ïðîèçâîëüíîé òî÷êè, îòñòîÿùåé îò ñðåäèí-
íîé ïîâåðõíîñòè íà ðàññòîÿíèè  , ïðè èñïîëüçîâàíèè ãèïîòåçû ïðÿìîé íîðìàëè
îïðåäåëèòñÿ âûðàæåíèåì
~V = ~v + 
 
~a  ~a0 ; (10)
ãäå ~a - îðò íîðìàëè ê ñðåäèíîé ïîâåðõíîñòè îáîëî÷êè â äåôîðìèðîâàííîì ñîñòî-
ÿíèè.
Âõîäÿùèé â (10) âåêòîð ïåðåìåùåíèÿ òî÷êè ñðåäèííîé ïîâåðõíîñòè, åãî ïåð-
âûå è âòîðûå ïðîèçâîäíûå ïî ãëîáàëüíûì êîîðäèíàòàì x è  îïðåäåëÿþòñÿ ïî
ôîðìóëàì
~v = v~a0 + v~a
0; ~v; = t

~a
0
 + t~a
0; ~v; = t

~a
0
 + t~a
0; (11)
ãäå v; v - òàíãåíöèàëüíûå è íîðìàëüíàÿ êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ;
t; t; t

 ; t - ìíîãî÷ëåíû, ñîäåðæàùèå êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ òî÷êè
ñðåäèííîé ïîâåðõíîñòè è èõ ïåðâûå (äëÿ t; t ) è âòîðûå (äëÿ t

 ; t ) ïðîèçâîä-
íûå.
Êîâàðèàíòíûå êîìïîíåíòû òåíçîðà äåôîðìàöèé îïðåäåëÿþòñÿ ñîîòíîøåíèåì
ìåõàíèêè ñïëîøíîé ñðåäû [8]
" =
 
g   g0

=2: (12)
Âõîäÿùèå â (12) êîâàðèàíòíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà èñõîäíîãî è äå-
ôîðìèðîâàííîãî ñîñòîÿíèé îïðåäåëÿþòñÿ ñêàëÿðíûìè ïðîèçâåäåíèÿìè ñîîòâåò-
ñòâóþùèõ âåêòîðîâ áàçèñà
g0 = ~g
0
  ~g0 ; g = ~g  ~g ; (13)
ãäå ~g0 = ~R
0
; ; ~g = ~R

;:
2. Òðåóãîëüíûé ýëåìåíò äèñêðåòèçàöèè ñ êîððåêòèðóþùèìè
ìíîæèòåëÿìè Ëàãðàíæà
Ñòîëáåö óçëîâûõ íåèçâåñòíûõ ÒÝÄ â ãëîáàëüíîé x ,  ñèñòåìå êîîðäèíàò ïåð-
âîíà÷àëüíî áûë âûáðàí â âèäå
fU y g
154
T
=
(
fv1 y g
118
T fv2 y g
118
T fv y g
118
T
)
; (14)
ãäå
fq y g
118
T
=
n
qi qj qk qi;x q
j
;x q
k
;x q
i
; q
j
; q
k
; q
i
;xx q
j
;xx q
k
;xxq
i
;q
j
;q
k
;q
i
;xq
j
;xq
k
;x
o
:
Çäåñü ïîä qm (m = i; j; k ) ïîíèìàþòñÿ òàíãåíöèàëüíûå v1; v2 èëè íîðìàëüíàÿ
v êîìïîíåíòû âåêòîðîâ ïåðåìåùåíèé óçëîâ i; j; k ÒÝÄ (ñì. ðèñ. 1).
Â êà÷åñòâå äîïîëíèòåëüíûõ óçëîâ ÒÝÄ I ìîæíî ðàññìîòðåòü òî÷êè â ñåðåäèíàõ
ñòîðîí 1, 2, 3, êîòîðûå îäíîâðåìåííî ÿâëÿþòñÿ äîïîëíèòåëüíûìè óçëàìè ñîñåäíèõ
ÒÝÄ II, III, IV (ñì. ðèñ. 1). Â ýòèõ óçëàõ äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà äëÿ
ïåðâûõ è âòîðûõ ïðîèçâîäíûõ íîðìàëüíîé êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ ïî
íàïðàâëåíèÿì íîðìàëåé ~nl (l = 1; 2; 3)
@v=@~nl =  @v0=@~n0l; @2v=@~n2l = @2v
0
=@~n
02
l ; (15)
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Ðèñ. 1. Ôðàãìåíò îáîëî÷êè
ãäå øòðèõîì îáîçíà÷åíû êîìïîíåíòû è íîðìàëè ñìåæíûõ ñ ÒÝÄ I ýëåìåíòîâ äèñ-
êðåòèçàöèè.
Îäíàêî, â ñèëó íåñîâìåñòíîñòè ðàññìàòðèâàåìîãî ÒÝÄ ðàâåíñòâà (15) òî÷íî íå
âûïîëíÿþòñÿ. Ïîýòîìó ñ öåëüþ óñòðàíåíèÿ îòìå÷åííîãî íåäîñòàòêà ïðåäëàãàåòñÿ
çàïèñàòü (15) â âèäå
l

@v=@~nl + @v
0
=@~n
0
l

= 0; t

@2v=@~n2l   @2v
0
=@~n
02
l

= 0; (16)
ãäå t = 4; 5; 6 .
Äëÿ îòäåëüíîãî ÒÝÄ ïîä íîìåðîì I áóäóò ñïðàâåäëèâû ðàâåíñòâà
1 (@v=@~n1) + 2 (@v=@~n2) + 3 (@v=@~n3) = 0;
4
 
@2v=@~n21

+ 5
 
@2v=@~n22

+ 6
 
@2v=@~n23

= 0: (17)
Ïåðâûå è âòîðûå ïðîèçâîäíûå íîðìàëüíîé êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ
â íàïðàâëåíèè âíåøíåé íîðìàëè ìîãóò áûòü âûðàæåíû ÷åðåç ñîîòâåòñòâóþùèå
ïðîèçâîäíûå íîðìàëüíîé êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ ïî ãëîáàëüíûì êðè-
âîëèíåéíûì êîîðäèíàòàì x; 
@v=@~nl = [(@v=@x)l cosl + (@v=@)l cosl] ;
@2v=@~n2l =
 
@2v=@x2

l
cos2 l+
+2
 
@2v=@x@

l
cosl cosl +
 
@2v=@2

l
cos2 l

; (18)
ãäå l è l  óãëû ìåæäó âåêòîðàìè íîðìàëåé ~nl è êàñàòåëüíûìè âåêòîðàìè
ëîêàëüíîãî áàçèñà ~a01l è ~a
0
2l .
Èñïîëüçóÿ â êà÷åñòâå ôóíêöèé ôîðìû ÒÝÄ ïîëíûå ïîëèíîìû ïÿòîé ñòåïåíè
[9], âûðàæåíèÿ (18) ìîãóò áûòü çàïèñàíû â âèäå
@v=@~nl = fF 0l g
154
T fU y g
541
T
; @2v=@~n2l = fF
00
l g
154
T fU y g
541
T
: (19)
Ñ ó÷åòîì (19) ñîîòíîøåíèÿ (17) ìîãóò áûòü ïðåäñòàâëåíû â ìàòðè÷íîé ôîðìå
f0g
13
T
[G
0
]
354
fU y g
541
T
= 0; f00g
13
T
[G
00
]
354
fU y g
541
T
= 0; (20)
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ãäå f0g
13
T
= f1 2 3g ; f00g
13
T
= f4 5 6g ;
[G
0
]
354
=
24 fF 01gfF 02g
fF 03g
35 ; [G00 ]
354
=
24 fF 001 gfF 002 g
fF 003 g
35 :
Ôóíêöèîíàë Ëàãðàíæà äëÿ ÒÝÄ ìîæåò áûòü çàïèñàí â âèäå
 =
Z
V
f"g
T fgdV  
Z
F
fUgT fPgdF +
+ 
0 
@v=@~nl   @v0=@~n0l

+ 
00 
@2v=@~n2l + @
2v
0
=@~n
02
l

= 0; (21)
ãäå f"g; gfg  äåôîðìàöèè è íàïðÿæåíèÿ â ñëîå îáîëî÷êè, îòñòîÿùåì îò ñðå-
äèííîé ïîâåðõíîñòè íà ðàññòîÿíèè  ; fPg  ñòîëáåö âíåøíåé íàãðóçêè;fUgT =
fv1 v2 vg  ìàòðèöà-ñòðîêà, ñîäåðæàùàÿ êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ òî÷êè
âíóòðåííåé îáëàñòè ÒÝÄ.
Ó÷èòûâàÿ (20) è ñòàíäàðòíûå äëÿ ÌÊÝ ìàòðè÷íûå ïðåîáðàçîâàíèÿ [3, 10],
ôóíêöèîíàë (21) ìîæåò áûòü ïðåäñòàâëåí â âèäå
 = fU y g
T
[PR]
T
Z
V
[B]
T
[ ]
T
[C][ ][B]dV [PR]fU y g   fU y g
T
[PR]
T

Z
F
[A]
T fPg dF + f0gT [G0 ] fU y g+ f
00gT [G00 ] fU y g = 0; (22)
ãäå [PR]  ìàòðèöà ïðåîáðàçîâàíèÿ óçëîâûõ íåèçâåñòíûõ â ëîêàëüíîé 0  ;   1
ñèñòåìå êîîðäèíàò ê ñòîëáöó (14); [B]  ìàòðèöà ôóíêöèè ôîðìû è èõ ïðîèç-
âîäíûõ â ñîîòâåòñòâèè ñ ñîîòíîøåíèÿìè Êîøè; [C]  ìàòðèöà óïðóãîñòè; [ ]
 ìàòðèöà ïåðåõîäà îò f"g ê äåôîðìàöèÿì ñðåäèííîé ïîâåðõíîñòè f"gT =
f"11 "22 2"12 11 22 212g ; [A]  ìàòðèöà, ñîäåðæàùàÿ ôóíêöèè ôîðìû ÒÝÄ[9].
Âûïîëíÿÿ ìèíèìèçàöèþ ôóíêöèîíàëà (21) ïî fU y gT , f
0gT è f00gT ìîæíî
ïîëó÷èòü òðè ñèñòåìû óðàâíåíèé8>><>>:
@=@ fU y gT = [K]fU y g   fRg+ [G
0
]
T f0g+ [G00 ]T f00g = 0;
@=@ f0gT = [G0 ]fU y g = 0;
@=@f00gT = [G00 ]fU y g = 0;
(23)
ãäå [K] , fRg  ìàòðèöà æåñòêîñòè è ñòîëáåö óçëîâîé íàãðóçêè ÒÝÄ [9].
Äëÿ óäîáñòâà êîíå÷íî-ýëåìåíòíîé ðåàëèçàöèè îïèñàííîãî âûøå àëãîðèòìà ñè-
ñòåìó (23) ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå
[Kp]fU ypg   fRpg = 0; (24)
ãäå [Kp] , fU ypg , fRpg  ðàñøèðåííàÿ ìàòðèöà æåñòêîñòè, ñòîëáåö óçëîâûõ
íåèçâåñòíûõ è ñòîëáåö óçëîâûõ óñèëèé ÒÝÄ ñ êîððåêòèðóþùèìè ìíîæèòåëÿìè
Ëàãðàíæà [Kp]
6060
=
266664
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0
]
543
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00
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543
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0
]
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T
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]
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0

66
377775 ;
fRpg
160
T
=

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154
T f0 0 0 0 0 0g
16
T

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160
T
=
(
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T
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)
:
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3. Ïðèìåð 1
Áûë ðàññ÷èòàí êðóãîâîé öèëèíäð, çàãðóæåííûé âäîëü îáðàçóþùåé ðàâíîìåðíî
ðàñïðåäåëåííîé íàãðóçêîé èíòåíñèâíîñòè q (ñì. ðèñ. 2).
Ðèñ. 2. Öèëèíäðè÷åñêàÿ îáîëî÷êà
Áûëè ïðèíÿòû ñëåäóþùèå èñõîäíûå äàííûå: q = 0; 1 Í/ñì; R = 10 ñì;
t = 0; 1 ñì; êîýôôèöèåíò Ïóàññîíà  = 0; 3 ; ìîäóëü óïðóãîñòè E = 2; 1107 Í/ñì2 .
Âñëåäñòâèå íàëè÷èÿ ïëîñêîñòåé ñèììåòðèè ðàññ÷èòûâàëàñü 14 ÷àñòü öèëèíäðà, êî-
òîðàÿ ïðåäñòàâëÿëàñü îäíîé ïîëîñêîé ýëåìåíòîâ, îðèåíòèðîâàííîé â êîëüöåâîì
íàïðàâëåíèè øèðèíîé S = 1; 0 ñì.
Ðàñ÷åòû áûëè âûïîëíåíû â òðåõ âàðèàíòàõ: â ïåðâîì âàðèàíòå èñïîëüçîâàëñÿ
ÒÝÄ ñ ðàçìåðîì ìàòðèöû æåñòêîñòè 54  54 áåç ìíîæèòåëåé Ëàãðàíæà [6], âî
âòîðîì âàðèàíòå êîððåêòèðóþùèå ìíîæèòåëè Ëàãðàíæà áûëè ïðèìåíåíû òîëüêî
ê ïåðâûì ïðîèçâîäíûì íîðìàëüíîé êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ â íàïðàâëå-
íèè ~nl . Ïðè ýòîì ðàçìåð ìàòðèöû æåñòêîñòè ñîñòàâèë 5757 . Â òðåòüåì âàðèàíòå
îïèñàííûé âûøå àëãîðèòì ñîâåðøåíñòâîâàíèÿ ÒÝÄ ñ ïîìîùüþ êîððåêòèðóþùèõ
ìíîæèòåëåé Ëàãðàíæà áûë ðåàëèçîâàí â ïîëíîì îáúåìå.
Ðåçóëüòàòû ïîâàðèàíòíîãî ðàñ÷åòà ïðåäñòàâëåíû â òàáëèöå 1, â êîòîðîé ïðèâå-
äåíû ÷èñëåííûå çíà÷åíèÿ êîëüöåâûõ íàïðÿæåíèé íà âíóòðåííåé â
ê
è íàðóæíîé
í
ê
ïîâåðõíîñòÿõ öèëèíäðà â òî÷êàõ 1 è 2 (ñì. ðèñ. 2) â çàâèñèìîñòè îò ãóñòîòû ñåò-
êè äèñêðåòèçàöèè ÒÝÄ. Àíàëèç òàáëè÷íîãî ìàòåðèàëà ïîêàçûâàåò, ÷òî â ïåðâîì
âàðèàíòå îòñóòñòâóåò ñõîäèìîñòü âû÷èñëèòåëüíîãî ïðîöåññà. Êðîìå òîãî, íàïðÿ-
æåíèÿ, âû÷èñëåííûå â òî÷êàõ 1 è 2, ñóùåñòâåííî ðàçëè÷àþòñÿ ìåæäó ñîáîé, òîãäà
êàê ïî óñëîâèÿì çàäà÷è îíè äîëæíû áûòü îäèíàêîâûìè. Âî âòîðîì âàðèàíòå íà-
áëþäàåòñÿ íåêîòîðîå óëó÷øåíèå ñõîäèìîñòè âû÷èñëèòåëüíîãî ïðîöåññà. Îäíàêî,
ñ óâåëè÷åíèåì ÷èñëà ýëåìåíòîâ äèñêðåòèçàöèè ïîãðåøíîñòü âû÷èñëåíèé çíà÷è-
òåëüíî óâåëè÷èâàåòñÿ è ñòàíîâèòñÿ íåïðèåìëåìîé. Â òðåòüåì âàðèàíòå ðåçóëüòàòû
âû÷èñëåíèé ìîæíî ïðèçíàòü âïîëíå óäîâëåòâîðèòåëüíûìè. Íàáëþäàåòñÿ áûñòðàÿ
ñõîäèìîñòü âû÷èñëèòåëüíîãî ïðîöåññà. Íàïðÿæåíèÿ, âû÷èñëåííûå â òî÷êàõ 1 è 2
ïðàêòè÷åñêè ñîâïàäàþò. Âûáðàííàÿ ðàñ÷åòíàÿ ñõåìà ïîçâîëÿåò ñðàâíèòü ïîëó÷åí-
íûå çíà÷åíèÿ íàïðÿæåíèé ñ ðåøåíèåì, ïîëó÷åííûì ïî ôîðìóëàì ñîïðîòèâëåíèÿ
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ìàòåðèàëîâ [11]
 = (0; 318  q R)=W; (25)
ãäå W = tS2=6:
Ïðè ïîäñòàíîâêå èñõîäíûõ äàííûõ â (25) ìîæíî ïîëó÷èòü
 = (0; 318  0; 1  10  6)=(0; 01  12) = 190; 8 Í/ñì2:
Ñîïîñòàâëÿÿ çíà÷åíèå  , âû÷èñëåííîå ïî ôîðìóëå (25), ñ òàáëè÷íûìè çíà÷å-
íèÿìè òðåòüåãî âàðèàíòà, ìîæíî îòìåòèòü èõ ïðàêòè÷åñêîå ñîâïàäåíèå.
Òàáëèöà 1.
Âàðèàíòû ðàñ÷åòà
Ñåòêà óçëîâ Íàïðÿæåíèÿ, ÌÏà 54x54 57x57 60x60
â1 335; 373 197; 211 190; 986
13x2 í1  312; 738  197; 852  190; 986
â2 121; 014 184; 217 190; 985
í2  138; 029  183; 764  190; 986
â1 346; 222 219; 888 190; 986
25x2 í1  328; 963  220; 195  190; 986
â2 209; 275 161; 042 190; 986
í2  220; 154  160; 975  190; 986
â1 324; 519 227; 218 190; 984
33x2 í1  311; 888  227; 300  190; 984
â2 251; 258 153; 666 190; 984
í2  258; 462  153; 757  190; 984
4. Ïðèìåð 2
Áûë ðàññ÷èòàí æåñòêî çàùåìëåííûé ïî òîðöàì öèëèíäð, íàãðóæåííûé âíóò-
ðåííèì äàâëåíèåì èíòåíñèâíîñòè q . Áûëè ïðèíÿòû ñëåäóþùèå èñõîäíûå äàí-
íûå: q = 5 ÌÏà; R = 100 ñì; t = 2; 0 ñì;  = 0; 3 ; E = 2  105 ÌÏà; L = 100
ñì. Ðàñ÷åòû, êàê è â ïðèìåðå 1, âûïîëíÿëèñü â òðåõ âàðèàíòàõ. Ðåçóëüòàòû ïî-
âàðèàíòíîãî ðàñ÷åòà ïðåäñòàâëåíû â òàáëèöå 2, â êîòîðîé ïðèâåäåíû çíà÷åíèÿ
ìåðèäèîíàëüíûõ íàïðÿæåíèé íà âíóòðåííåé â
ì
è íàðóæíîé í
ì
ïîâåðõíîñòÿõ öè-
ëèíäðà â æåñòêîçàùåìëåííîì òîðöå â çàâèñèìîñòè îò ãóñòîòû ñåòêè äèñêðåòèçà-
öèè. Âñëåäñòâèå íàëè÷èÿ îñåâîé ñèììåòðèè ðàññìàòðèâàëñÿ ôðàãìåíò öèëèíäðà
(0  x  L2 ; 0    60 ) . Êàê âèäíî èç òàáëèöû 2, âàðèàíòû ðàñ÷åòà ñóùåñòâåííî
ðàçëè÷àþòñÿ ìåæäó ñîáîé. Â ïåðâîì âàðèàíòå îòñóòñòâóåò ñõîäèìîñòü âû÷èñëè-
òåëüíîãî ïðîöåññà. Êðîìå òîãî, íàïðÿæåíèÿ â òî÷êå ñ êîîðäèíàòàìè  = 0 è
 = 60 â ðàçû ðàçëè÷àþòñÿ ìåæäó ñîáîé, òîãäà êàê ïî óñëîâèÿì çàäà÷è îíè
äîëæíû áûòü îäèíàêîâûìè. Âî âòîðîì âàðèàíòå íàáëþäàåòñÿ óäîâëåòâîðèòåëü-
íàÿ ñõîäèìîñòü âû÷èñëèòåëüíîãî ïðîöåññà, îäíàêî, ñî ñãóùåíèåì ñåòêè ýëåìåíòîâ
äèñêðåòèçàöèè ïðîöåíò ðàñõîæäåíèÿ íàïðÿæåíèé â äâóõ êîíòðîëèðóåìûõ òî÷êàõ
èìååò òåíäåíöèþ ê óâåëè÷åíèþ è ïîñòåïåííî âîçðàñòàåò ñ 2% äî 6% . Â òðåòüåì
âàðèàíòå ìîæíî êîíñòàòèðîâàòü óñòîé÷èâóþ ñõîäèìîñòü ïîëó÷åííûõ çíà÷åíèé íà-
ïðÿæåíèé, à ðàñõîæäåíèÿ ÷èñëåííûõ çíà÷åíèé êîíòðîëèðóåìûõ ïàðàìåòðîâ ÍÄÑ
â òî÷êàõ  = 0 è  = 60 íå ïðåâûøàåò 0,14%.
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Òàáëèöà 2.
Êîîðäèíàòû òî÷åê x;  x=L/2;  = 0:0 x=L/2;  = =60
Íàïðÿæåíèÿ, ÌÏà âì 
í
ì 
â
ì 
í
ì
4x13 297:9  178:2 651:9  531:7
54x54 4x17 247:1  127:1 720:2  599:9
Âàðèàíòû 4x21 230:2  110:0 760:1  639:6
4x13 475:7  356:3 482:9  363:6
57x57 4x17 471:3  351:9 485:3  365:9
4x21 466:8  347:5 488:3  368:9
ðàñ÷åòà 4x13 481:0  361:7 481:0  361:7
60x60 4x17 480:9  361:6 481:1  361:8
4x21 480:8  361:5 481:4  362:0
5. Âûâîä
Îñíîâûâàÿñü íà àíàëèçå òàáëè÷íîãî ìàòåðèàëà, ïðåäñòàâëåííîãî â òàáëèöàõ
1 è 2, ìîæíî ñäåëàòü îêîí÷àòåëüíûé âûâîä î òîì, ÷òî ïðè ðàñ÷åòå îáîëî÷åê ñ
ëîêàëüíûì ïðèëîæåíèåì íàãðóçîê èëè èìåþùèõ æåñòêîå îïèðàíèå íåîáõîäèìî
èñïîëüçîâàòü òîëüêî óñîâåðøåíñòâîâàííûå ÒÝÄ ñ êîððåêòèðóþùèìè ìíîæèòåëÿ-
ìè Ëàãðàíæà. Ïðèìåíåíèå â ðàñ÷åòàõ òîíêèõ îáîëî÷åê ñòàíäàðòíûõ ÒÝÄ, äàæå
è èìåþùèõ âûñîêóþ (ïÿòóþ) ñòåïåíü èíòåðïîëÿöèîííûõ ïîëèíîìîâ, íå ïîçâîëÿåò
ïîëó÷èòü óäîâëåòâîðèòåëüíûé ðåçóëüòàò.
Summary
Yu.V. Klotchkov, O.V. Vakhnina, T.A. Kiseleva.
Analysis VAT of arbitrary shallow shells based on using FEM precision triangular nite
elements with a correction of the Lagrange multipliers.
The algorithm for calculating thin shells of arbitrary geometry on the basis of high-precision
bin (TED) of the triangular shape. To solve the problem of compatibility of TED for the rst
and second derivatives of the components of the displacement vector is proposed to use as
additional variable parameters adjusting the Lagrange multipliers at the midpoints of the
triangular nite element. Solutions a number test problems showed high eectiveness of the
proposed modication in the calculation of the TED thin shells.
Key words: Arbitrary shell, nite element method, triangle element, Lagrangian
coecients, matrix features, element of diskretization.
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